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 STUDENT
 RESEARCH PROJECTS

 EDITOR

 Irl C. Bivens

 Department of Mathematics
 Davidson College
 Davidson, NC 28036

 A student research project is an open-ended question or set of questions that is intended to give
 undergraduate students experience doing "junior" mathematical research. Readers are invited to share
 especially interesting and fruitful examples of such projects in this section. Manuscripts should describe
 the project in a form appropriate for presentation to the student investigator and should be no more
 than five double-spaced typed pages. Each manuscript should have a cover page upon which is
 provided a title for the project, a short list of the mathematical concepts involved in its investigation, and
 the affiliation of the proposer.

 To further assist the editor in the evaluation of a project, the proposer should provide (separate from
 the manuscript) an assessment of its difficulty and any information available about actual experience
 with the project, such as the directions taken by students on the topic, the results obtained, etc. While
 untried projects are welcome, some justification should be given that students can make genuine
 progress in their research.

 Please send all proposals, with appropriate references, to Irl C. Bivens.

 Chaotic Mappings and Probability Distributions
 Paul C. Matthews and Steven H. Strogatz, MIT, Cambridge, MA 02139

 The two most important ingredients of chaos are stretching and folding. One of
 the simplest examples of a chaotic mapping is

 xn + l = 10x? modi,

 where 10jt? mod 1 denotes the fractional part of Wxn. The multiplication by 10
 gives the stretching, and the mod 1 gives the folding. For example, consider the
 effect of the mapping on, say, 0.63289_ Calling this number xQ, we find
 xx = 0.3289..., x2 = 0.289..., etc. So the effect of this mapping on a real number
 is to shift all the digits to the left by one place and then discard the leftmost digit.
 Note that if two numbers are the same in their first ten decimal places but
 different thereafter, then after just ten iterations of the mapping the results will be
 completely different. Thus two initial values, extremely close together, can eventu?
 ally end up doing totally independent things. This property of chaotic mappings is
 referred to as 'sensitive dependence on initial conditions.'

 There is a connection between such chaotic mappings and probability distribu?
 tions. Suppose that we start with a 'typical' real number between 0 and 1?loosely
 speaking, a number with a random sequence of digits after the decimal point. All
 digits from 0 to 9 occur equally often in the number. Using this number as jc0, we
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 can generate a sequence of N numbers xx, x2, x3, ... xN. We can then build up a
 histogram of the x values in the sequence. In other words, we choose some bin
 size, say 0.01, and divide the interval 0 <x < 1 into 100 bins; then we count the
 number of x values in each bin.

 In the limit of large N, we can replace the histogram by a probability density
 function p(x)\ here p(x)dx is the probability that an arbitrary number in the
 sequence lies between x and x 4- dx. Because the number must fall somewhere
 between 0 and 1, p(x) must satisfy j^p(x)dx = 1. To approximate the function
 p(x) from the histogram, we just multiply the count in each bin by the number of
 bins and then divide by the number of iterations. This ensures that the approxima?
 tion is correctly normalized.

 It turns out that for our mapping xn + l = 10xn modi, the function p(x) is
 identically 1, i.e. all numbers occur equally often, because the mapping takes the
 interval 0 < x < 1 onto itself ten times. The corresponding probability distribution
 is called the uniform distribution on [0,1]. This result is well known and can be
 found in several books on chaos, for example [1] and [2]. The case usually
 considered is xn + l = 2xn modi: for this mapping the probability distribution is
 again uniform. In fact this is true whenever the stretching factor is an integer.

 But what happens if the stretching factor is not an integer? For the mapping

 vn+l  1.5#rt modi,

 the probability density function is very complicated (Figure 1), with a staircase
 structure which looks like a fractal [2]. Can you explain the structure of this curve
 in detail? We can't! As far as we know, this problem has never been solved. Even
 simple questions remain unanswered: what is the exact value of p(0)?

 p(x)

 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 Figure 1
 The approximate probability density function for the mapping xn + 1 = 1.5*? modi. The
 density was derived from a histogram using 1000 bins and 108 iterations of the mapping.

 The problem becomes easier to understand if the stretching is very weak, as in
 the mapping

 x? + 1 = (l + e)x?modl

 for 0 <e?:l. Then the shape of the probability density function becomes
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 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 Figure 2
 The approximate probability density function for the mapping xn + l = 1.1 *? modi, ob?
 tained as for Figure 1.

 smoother: Figure 2 shows the density obtained for e = 0.1. The left-hand part of
 the curve is relatively flat, and the right-hand part consists of many small steps
 superimposed on a smoothly decaying function. This picture raises a number of
 questions:

 1. Why does the curve have two parts?
 2. At what value of x does the break between the two parts occur?
 3. There is a simple function which approximates the decaying right-hand

 section of the curve?can you find this function?
 4. How does the height of the flatter, left-hand part of the curve depend on e?

 These and other questions can be answered analytically for small e, but you may
 want to try some computer experiments first to help you find the patterns.
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